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Effects of Stern layer conductance on
electrokinetic energy conversion
in nanofluidic channels

A thermo-electro-hydro-dynamic model is developed to analytically account for the effects of
Stern layer conductance on electrokinetic energy conversion in nanofluidic channels. The
optimum electrokinetic devices performance is dependent on a figure of merit, in which the
Stern layer conductance appears as a nondimensional Dukhin number. Such surface con-
ductance is found to significantly reduce the figure of merit and thus the efficiency and
power output. This finding may explain why the recently measured electrokinetic devices
performances are far below the theoretical predictions where the effects of Stern layer con-
ductance have been ignored.
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1 Introduction

Newfound attention has been given to electrokinetic energy
conversion devices including electroosmotic pumps ([1–12],
see ref. [7] for a review of micropumps by Laser and Santiago)
and electrokinetic generators [13–17] due to their potential
for integration into micro- and nanofluidic systems. Recent
efforts have focused on increasing the efficiency of electro-
kinetic energy conversion in nanochannels, which, however,
still seem much lower than that predicted by current theory
[3, 9–17]. One likely explanation of this discrepancy is the
neglect of Stern layer conductance in the electrokinetic the-
ory [3, 9, 10, 14]. The Stern layer is the layer of counterions
that attach to a charged surface. It is the inner immobile
layer of the well-known electric double layer [18]. The electric
conductance of the Stern layer has been found to signifi-
cantly affect the electrokinetic transport of colloidal particles
[19, 20]. Recently, van der Hayden et al. [14] included the
contribution of this surface conductance in a chemical equi-
librium model, which explained fairly well their measure-
ments on a nanofluidic power generator. However, the real

effects of Stern layer conductance on electrokinetic devices
performance (e.g., efficiency and power output) are still lar-
gely unexplored. This article addresses this issue using an
analytical thermo-electro-hydro-dynamic approach devel-
oped by Xuan and Li [21]. A similar approach was also used
recently to analyze electrokinetic generating [13] and pump-
ing efficiencies [12] in the absence of Stern layer con-
ductance.

2 Theoretical formulation

2.1 Thermodynamic analysis

Electrokinetic energy conversion devices can be thermo-
dynamically described by the Onsager reciprocal relations for
volumetric flow rate, Q , and electric current, I, through a
channel of arbitrary geometry [22, 23]

Q ¼ Gð�DpÞ þMð�DfÞ (1)

I ¼ Mð�DpÞ þ Sð�DfÞ (2)

where Dp and Df are the pressure difference and electric
potential difference across the channel, G indicates the
hydrodynamic conductance, M characterizes the EOF/
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streaming current, and S denotes the electrical conductance.
With these two phenomenological equations, Xuan and Li
[21] have shown that the efficiency of electrokinetic energy
conversion is independent of the working mode (i.e., gen-
erator or pump) at the condition of maximum efficiency or
maximum output power. Here, we present only the effi-
ciency Z and the output power W of an electrokinetic gen-
erator at the condition of maximum efficiency

ZmaxZ ¼
z

2 2� zð Þ (3)

WmaxZ ¼ G

ffiffiffiffiffiffiffiffiffiffiffiffi

1� Z
p

ð1�
ffiffiffiffiffiffiffiffiffiffiffiffi

1� Z
p

Þ2

Z
ðDpÞ2 (4)

Z ¼ M2

GS
(5)

where Z is the previously termed “figure of merit” [21, 24,
25]. This nondimensional parameter, as shown below, is a
function of fluid and channel properties.

2.2 Electro-hydro-dynamic analysis

Consider a slit nanochannel of height 2h, width b, and length
l where b .. 2h and l .. 2h. One can then ignore the end
effects and treat the channel as infinite parallel plates. In
such a channel, the axial fluid velocity u of a combined pres-
sure-driven and EOF is given by [26, 27]

u ¼ h2

2m
1� y2

h2

� �

�Dp
l

� �

þ ez
m

c
z
� 1

� �

�Df
l

� �

(6)

where m is the fluid viscosity, y the transverse coordinate in
the height direction that originates from the channel center,
e the fluid permittivity, z the zeta potential on the channel
wall, and c is the electric double-layer potential.

To account for the Stern layer conductance, we propose
the introduction of a new term into the traditional current
density equation [26, 27], i.e., the last term in Eq. (7)

i ¼ �e d2c
dy2 uþ sb cosh

zvec
kBT

� �

�Df
l

� �

þ sStern

h
�Df

l

� �

(7)

where sb is the bulk conductivity of the fluid, zv the valence
of ions, e the charge of proton, kB the Boltzmann’s constant,
T the fluid temperature, and sStern is the Stern layer con-
ductivity. The Stern layer conductance term in Eq. (7) is
derived from (sSternC/l)(2Df)/A where, C = 2(b 1 2h) and
A = 2bh are the perimeter and the area of the channel cross-
section, respectively. The other two terms in Eq. (7) indicate
the streaming current density (first term) and the conduc-
tion current density (second term), respectively. Note that the

surface conductance of the diffuse layer has been considered
in the conduction current density in terms of the cosh(x)
function [26, 27]. This surface conductance should be dis-
tinguished from the Stern layer conductance.

Integrating Eqs. (6) and (7) over the channel cross-sec-
tion and then comparing with Eqs. (1) and (2) yield the
expressions of phenomenological coefficients (see Section 6
for the derivation)

G ¼ 2bh3

3ml
(8)

M ¼ � 2bhez
ml

g1 (9)

S ¼ 4be2z2K2

mhlz�2
1þ b

4

� �

g3 � cosh C0ð Þ þ b
4

Du
� �

(10)

g1 ¼
Z

h

0

1�C
z�

� �

d
y
h

� �

(11)

g3 ¼
Z

h

0

cosh Cð Þd y
h

� �

(12)

Within these definitions, C = zvec/kBT is the normalized
double-layer potential where C0 the potential at the channel
center; z* = zvez/kBT the normalized zeta potential; K = kh
the nondimensional channel height where

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2z2
ve2NAcb

�

ekBT
q

the inverse of Debye screening

length, cb the ionic concentration of the bulk fluid, and NA is
the Avogadro’s number [18, 28]; b = Lm/eRT is the non-
dimensional property of the working fluid where L is the
molar conductivity and R is the universal gas constant (note:
the reciprocal of b is previously termed the Levine number by
Griffiths and Nilson [10]); and Du = sStern/hsb = sStern/hLcb

is the Dukhin number. It is acknowledged that our Dukhin
number is different from the traditional definition in which
the numerator is the total surface conductance (i.e., the con-
ductance through both the inner Stern layer and outer dif-
fuse layer) instead of the current Stern layer conductance [29,
30].

Combining Eqs. (8)–(10) with Eq. (5), we arrive at the
figure of merit, Z, in the presence of Stern layer conductance
effects

Z ¼ 3z�2g2
1

2K2 1þ b
4

� �

g3 � cosh C0ð Þ þ b
4 Du

h i (13)

One can see that Z is a function of four nondimensional pa-
rameters, i.e., b, K, z*, and Du, as defined above. Apparently,
the inclusion of Stern layer conductance decreases the figure
of merit, Z, and hence reduces the efficiency of electrokinetic
energy conversion, see Eq. (3). As will be seen shortly, Stern
layer conductance also decreases the generation power in Eq.
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(4) because the value of the figure of merit Z is reduced sig-
nificantly.

The double-layer potential C in the defined functions g1

and g3 are solved from the Poisson–Boltzmann equation [18]

d2C
dy2 ¼ k2 sinh Cð Þ (14)

The analytical solution to C is expressed in terms of the
Jacobian elliptical function [31]

C ¼ C0 þ 2 ln JacCD
ky
2

e�C0=2
	

	

	
e2C0

� �h i

(15)

where C0 is the double-layer potential at the channel center
first defined in Eq. (10) and can be determined from the
known zeta potential z (more precisely, z*) on the channel
wall. It is important to note that for a given fluid and channel
combination, z will, in general, vary with the nondimen-
sional channel height K = kh. One option to address this is to
use a surface-charge based potential parameter for scaling
instead of zeta potential [13, 16, 17, 32]. In this work and
other studies [3, 4, 9–12, 15, 21, 26, 27, 33, 34], the zeta
potential is used directly, as it may be readily determined
through experiment and provides a direct measure of the
electroosmotic mobility.

3 Results and discussion

To examine quantitatively the effects of Stern layer con-
ductance on electrokinetic devices performance, KCl aque-
ous solution with the concentration of cb = 1025 M is used as
the working fluid. Its properties include the visco-
sity m = 0.961023 kg?m21?s21, dielectric constant
e = 7968.854610212 C?V21?m21, and molar conductivity
L = 0.0144 S?m2?mol21 at temperature T = 298 K [14]. The
calculated Levine number is b = 7.47. The Stern layer con-
ductance is assumed to be sStern = 1 nS, as measured by
Löbbus et al. [30] in a 1 mM KCl solution at pH 7.4. A
MATLAB program (see the Supporting Information) was
written to implement the calculations. An iterative method
was first employed to determine the double-layer potential
C0 from Eq. (15). Then, a direct numerical integration
approach was applied to compute the phenomenological
coefficients, figure of merit Z, and in turn the power output
and efficiency of electrokinetic generators as an example.

Figure 1 displays the contour plots of the figure of merit
Z (a) with and (b) without consideration of Stern layer con-
ductance (i.e., the Dukhin number, Du) over a range of
0,K,8 and 0,z*,8. As noted earlier, Stern layer con-
ductance reduces Z significantly across the entire contour.
Moreover, it is found that the region at which Z is maximized
(and hence the generation efficiency ZmaxZ is maximized, see
Eq. (3) and the discussion for Fig. 2) is more tightly focused
in an area of high z*/K values compared to that without

Figure 1. Contours of the figure of merit Z as a function of the
normalized zeta potential z* and the nondimensional channel
height K when Stern layer conductance is (a) considered and (b)
ignored.

Figure 2. Comparison of the generation efficiency ZmaxZ when
Stern layer conductance is considered (solid lines) and ignored
(dashed lines). The highest efficiencies obtained, accounting for
the Stern layer conductance, occur at K = 0.34, 1.61, and 2.75 for
z* = 2, 4, and 8, respectively.
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accounting for the Stern layer conductance. With the
assumed value of Stern layer conductance, i.e., sStern = 1 nS,
our results indicate that the optimum Z = 0.12 can only be
obtained at about z* = 8 and K = 0.5. If sStern = 0, however, a
much higher value of Z = 0.23 can be achieved even at a zeta
potential as low as z* = 4.5.

Figure 2 compares the maximum efficiency, i.e., ZmaxZ in
Eq. (3), of electrokinetic generators with (solid lines) and
without (dashed lines) consideration of Stern layer con-
ductance at z*= 2, 4, and 8, respectively. As expected, ZmaxZ is
diminished across the entire range of z* and K values when
the Stern layer conductance is accounted for. However, it is
interesting and important to note that this conductance is
more detrimental to the device efficiencies at lower zeta
potentials. At z*= 8 the Stern layer conductance reduces the
maximum obtainable efficiency, for any K value, by about
50% in comparison to nearly 95% at z*= 2. This phenom-
enon can be explained by examining the behavior of terms g3

and cosh(c0) in Eq. (13) which both increase exponentially as
z* rises. This causes Du to be less dominant for higher z*

values. In addition, it is noted that the value of K at which
ZmaxZ is optimized stays almost constant at z*= 8 while
increasing at z*= 2 and 4 by 33 and 47%, respectively, due to
the effects of Stern layer conductance.

Figure 3 shows the contour plots of the normalized elec-
trokinetic generation power density, i.e., WmaxZ in Eq. (4)
normalized by the product of the channel volume, V = 2bhl,
and the square of the applied pressure gradient, P = Dp/l

WmaxZ

VP2 ¼ h2

3m

ffiffiffiffiffiffiffiffiffiffiffiffi

1� Z
p

ð1�
ffiffiffiffiffiffiffiffiffiffiffiffi

1� Z
p

Þ2

Z
(16)

when the Stern layer conductance is (a) considered and (b)
ignored, respectively. Similar to the figure of merit and gen-
eration efficiency, Stern layer conductance also reduces the
generation power across the entire contour. However, this
conductance does not change the tendency of the generation
power to scale with K (or the channel height h, see Eq. 16).
Another notable effect of Stern layer conductance is that the
optimum z* value at which the generation power density is
maximized has been shifted upwards from z*= 5 to about
z*= 7. This change is inline with our other results as dis-
cussed above.

4 Concluding remarks

We have attempted to analytically determine the effects of
Stern layer conductance in electrokinetic energy conversion
devices. This conductance that has been neglected in pre-
vious studies appears in the total electric conductance in
terms of Dukhin number. The new figure of merit Z thus
becomes dependent on four nondimensional parameters:
Levine number , normalized zeta potential z*, nondimen-
sional channel height K, and Dukhin number, Du. It is

Figure 3. Contours of the normalized generation power density
as a function of the normalized zeta potential, z* and the non-
dimensional channel height K when Stern layer conductance is
(a) considered and (b) ignored.

found that Stern layer conductance reduces the efficiency
and power output over the entire range of z* and K values
that are of practical interest due to the decrease in figure of
merit. This phenomenon may explain why the recently
measured electrokinetic device performances are far below
previous theoretical predictions that ignored the contribu-
tion of Stern layer conductance. Our results also show that
Stern layer conductance shifts the locations of optimal elec-
trokinetic device performance toward the realm of higher z*

values.
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6 Addendum

This Addendum provides a derivation for the phenomen-
ological coefficient S in Eq. (10) in the main text. The deri-
vations for the coefficients G and M are referred to Min et al.
[9]. First integrate Eq. (7) over the cross-sectional area to
determine the total electric current along the slit nanochan-
nel of height 2h and width b

I ¼ 2b
Z

h

0

�e d2c
dy2 udyþ 2b

Z

h

0

sb cosh

zvec
kBT

� �

dyþ 2b
Z

h

0

sStern

h
�Df

l

� �

dy (A1)

Expanding the fluid velocity in the first term using Eq. (6)
and grouping all terms give

I ¼ � bh2e
ml

Z

h

0

d2c
dy2 1� y2

h2
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2

4

3

5 �Dpð Þ
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d2c
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1� c
z

� �

dyþ 2bsb

l

Z

h

0

cosh
zvec
kBT
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dyþ 2bsStern

l

2

4

3

5 �Dfð Þ
(A2)

Comparing Eq. (A2) with the phenomenological equation for
electric current, i.e., Eq. (2), immediately yields

S ¼ 2be2z2

mlz�

Z

h

0

d2C
dy2

� �

1�C
z�

� �

dyþ 2bsb

l

Z

h

0

cosh Cð Þdyþ 2bsStern

l
(A3)

where C = zvec/kBT and z*= zvze/kBT are as defined in the
main text. Applying integration by parts to the first term in
Eq. (A3) receives

S ¼ 2be2z2

mlz�2

Z

h

0

dC
dy

� �2

dyþ 2bsb

l

Z

h

0

cosh Cð Þdyþ 2bsStern

l
(A4)

To further simplify the first term in Eq. (A4), we rewrite the
Poisson-Boltzmann equation, Eq. (14), as follows

2
dC
dy

d2C
dy2 ¼ 2k2 sinh Cð Þ dC

dy
(A5)

which can then be rearranged as

d
dC
dy

� �2
" #

¼ 2k2 sinh Cð ÞdC (A6)

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.electrophoresis-journal.com



1130 C. Davidson and X. Xuan Electrophoresis 2008, 29, 1125–1130

Integrating Eq. (A6) with respect to C leads to

dC
dy

� �2

¼ 2k2 cosh Cð Þ � cosh C0ð Þ½ � (A7)

where C0 is the normalized double-layer potential at the
channel center. By defining the function g3, Eq. (12) in the
main text, one can now specify the coefficient S in Eq. (A4) as

S ¼ 4be2z2K2

mhlz�2
g3 � cosh C0ð Þ

 �

þ 2bhsbg3

l
þ 2bsStern

l
(A8)

Invoking K = h, k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2z2
ve2NAcb

�

ekBT
q

, sb = Lcb, z
*= zvez/

kBT, and R = kBNA reduces Eq. (A8) to

S ¼ 4be2z2K2

mhlz�2
g3 � cosh C0ð Þ þ Lm

4eRT
g3 þ

Lm
4eRT

sStern

sbh

� �

(A9)

which is equivalent to Eq. (10) if one defines the Levine
number b =Lm/eRT and the Dukhin number, Du = sStern/
hsb.
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